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Abstract

This paper shows the equivalence of propagating plane waves due to a source
through a layered medium using the recursive propagation approach and the
slab approach. It points to errors in Equations (2.4.15) and (2.4.16) of [9],
and corrects them. In addition, it proves that both of these solutions satisfy
the reciprocity relationship. Furthermore, solution for odd and even symmetric
sources in a layered medium is derived

1 Introduction

The propagation of waves through planarly layered medium is a subject of in-
terest to the field of optics, geophysics, remote sensing, as well as in microwaves
1, 2, 3,4, 5, 6, 7, 8 9]. Layered medium is often used to make reflectors or
Fabri-Perot resonators. Also, in order to calculate the scattering of particles or
objects buried in a layered medium, one often has to find the Green’s function
of a layered medium.

Often time, a layered medium is an excellent approximation to a medium
with an inhomogeneous profile. In this case, one approximates the inhomoge-
neous profile with a piecewise constant function, where the step size can be
made very small. Hence, the solution of plane waves in a layered medium also
provides an alternate solution to the ordinary differential equation governing
the wave physics in an inhomogeneous profile.

The Green’s function of a layered medium is often found by first expanding
the field due to a point source in terms of plane waves propagating away from
the point source. If the layering is orthogonal to the z direction as shown in
Figure 1, then the point source field can always be expressed in terms of an
integral linear superposition of plane waves using the Weyl identity [10]:
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or the Sommerfeld identity [9, 11]:
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is the free-space wave number.

Hence, given a point source in region m, to find the field in the other regions,
we can use the above identities and reduce the problem to a 1D problem of
plane waves propagating through a layered medium (in the case of Sommerfeld
identity, it actually becomes a plane wave in the z direction, and cylindrical wave
in the transverse direction). In the corresponding 1D problem, we can imagine
a sheet source at z = 2/, generating a bi-directional plane wave propagating
through the layered medium.

Once reduced to a 1D problem, there are two ways to find the field in region
n given the source in region m. One is to recursively forward propagate the
field from region m to region n. Another is to think of the layered medium
between regions m and n to be a layered slab separating them. Then we can
use the generalized reflection and transmission coefficient defined for the slab
to derive an expression for the field in region n. We will show that these two
methods are equivalent to each other.

A large part of the knowledge needed to solve this problem is documented
in [9]. However, there are errors in Equations (2.4.15) and (2.4.16) of [9] which
will be corrected in this paper.
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Figure 1: Geometry of a point source embedded in a layered medium.

2 Recursive Propagation Approach

Without loss of generality, we will assume that the field is an electromagnetic
field of the transverse electric (TE) type, and assume that region n is below
region m, or n > m. Generalization of these approaches to other types of field
is quite straight forward.

Using Equation (2.1.26) in [9], we can propagate the downward going wave
in region m to region m + 1 easily. The formula that relates a downgoing wave
in region ¢ to a downgoing wave in region ¢ — 1 at z = —d;_1 is then given by
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where S;_, ; is the same as S;_1 ; defined in (2.1.26a) of [9], given here explicitly
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where T;; and R;; are the Fresnel transmission and reflection coefficients, and
for TE waves, they are
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while Ri,H—l is the generalized reflection coefficient defined in [9] as
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In the above ki, = \/k? — k2 where k2 = k2 + kz when the Weyl identity is
used and k2 = kz when the Sommerfeld identity is used.
The downgoing wave in region m can be shown to be :
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which is the same as Equation(2.4.12) in [9]. Applying (3) recursively, we obtain
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where we have defined
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which corresponds to the phase gained by the wave as it traverses a slab of
thickness d; — d;_1 in the j-th layer. We can rewrite (8) as

A;eiknzdn—l — S’mn_A;Leikmzdm’ (10)
where
n—1
Smnf = H eij’jJrl Sm)m+1. (11)
j=m-+1

Smn— can be thought as a generalized transmission coefficient in the downward
direction where the effect of all layers are accounted for. One should refer to ref.
[9] for more details on the above derivation, and the meanings of the different
terms.

3 The Slab Approach

In the slab approach, we define a generalized transmission coefficient for the
layered slab region separating regions m and n, the generalized transmission
coefficient is given by [9]
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where T
Sy, = L —. (13)
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The above is similar to Equation (2.1.28) of [9]. It is to be cautioned that
when we define the generalized transmission coefficient, the regions in m and
n become half spaces, and hence R;; ; in (13) is different from R; ;11 in (4).
Furthermore,

! =Th_1n- (14)
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The derivation in [9] did not make this point clear, and hence, the Equations
(2.4.15) and (2.4.16) there in are erroneous.

Using the constraint condition that the downgoing wave in region n is a
consequence of the transmission of the downgoing wave in region m plus the
reflection of the upgoing wave in region n, we have
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Solving (15), we have

. ~ ~ ~ -1 .
AT_L elknzdn—l =Ton [1 _ Rn7n+1R;)n_1e2} A’;’Lelk’mzdm,. (16)

n

It is to be noted that R;’L,n—l above is different from ]N{nm_l. The former is
the generalized reflection coefficient for the slab only while the latter is for the
entire layered medium above region n.

After using A, from (7) into (8), we arrive at
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where .
M= [1 - Rn,%légm_leﬂ . (18)
When substituted in fully to find the field in region n, Equation (2.4.16) of [9]
should read
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Similarly, Equation (2.4.15) of [9] should read
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We can rewrite the above using the result of the recursive propagation ap-
proach, namely, by letting
TmnM/f = gmnfa (21)
Tmn

M, = Spnst- (22)



4 Equivalence of the Two Approaches

The recursive propagation approach that yields expression (8) appears to be

quite different from the slab approach that yields expression (17). In other

words, the RHS and the LHS of (21) and (22) are very different in appearance.
To show that they are equivalent, we define

517(7(1)7)1 = Tm'ﬂM'r/L—) (23)
where T,,,, is defined in Equation (12) and M/, is defined in Equation (18).

‘We need to show that R ~
SO = S, ¥Yn>m, (24)

where Sp,_ is as defined in Equation (11), in order to show the equivalence of
the two approaches.
Before we prove the above, we need the following lemma.

Lemma 1. The following formulas are equivalent to each other, namely:
(1 - Ri+1,i+2Ri+1,ie§+1> (1 - Ri,i+1ég7i_1€?)
= (1 - Ri+1,i+2ég+1,ie?+l) (1 - Ri,z‘ﬂéé,iqef) : (25)
Proof. Using the fact that R;; = —R;; and that
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The lemma is similar to Exercise 2.4 in [9].

Theorem 1. The recursive propagation approach and the slab approach are
equivalent to each other, because

SO =S, Vn>m, (28)
where S and Sy are as defined in (23) and (11)

Proof. The proof by induction is as follows. When n = m + 1, the equality is
obvious. Next, assuming that
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Consequently,
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But we can also show that

S’m,i+17 = ~mi7€iTi,i+1 (1 - Ri+1,i+2Ri+1,i€@2+1> . (33)
Consequently,
Sir = Smiv1 (34)

if
(1 - Ri+1,i+2Ri+1,i€?+1> (1 - Ri,iJrlR;,iqef)
= (1 - Ri+1,i+2ég+l,iezz+1> (1 - Rz‘,z’+1R§,i_16¢2) : (35)

The above equality follows from Lemma 1. Since (34) follows from (29) and
that (28) is true when n = m + 1, the theorem is proved by induction. O

5 Reciprocity Theorem

F(z,2') defined in [9] and in (19) and (20) is a solution to the following ordinary
differential equation

d 1 d 1
LRG| F(z) = 2i
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By going through similar procedure for proving the reciprocity theorem in elec-
tromagnetics [9, p. 20], we can show that, F(z, z’) satisfies the following sym-
metry relation

e k.6(z —2'), (36)
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which is also a reciprocity relationship. When applied to Fy (2, 2’) and F_(z,2’)
where the source and observation points are in different parts of the layered
medium, the above relationship becomes

Him F (2,7)= :n Fi(2,2), z2<2, (38)
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where 2’ € R,,, 2 € R,, where R; stands for region i. Consequently, in order

for (19) and (20) to satisfy reciprocity, we require that

kmz nz

The above is also the same as requiring
Hm g ~ Hn 5 ~
—Smn—My = — Spme M,. 40
= e T (40)

Theorem 2. Both the recursive propagation approach and the slab approach
give rise to solutions that satisfy the reciprocity theorem.



Proof. Since Theorem 1 shows that both approaches are equivalent to each
other, we need only to prove the validity of Equation (40).
The factor on the LHS of (40) can be written as
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we have
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Consequently, (45) with (47) verifies (40). O

6 Source Symmetry

Some sources produce an even symmetric field in the z direction about the
source point 2’ in a homogeneous medium (we shall call them Type A sources),
while others produce an odd symmetric field about the source point (we shall
call them Type B sources). An example of the field produced by a Type A
source is

F(Z, Z/) _ eikz\zfz/‘ (48)
while an example of the field produced by a Type B source is

F,(z,2") = +ik,e=12=%] (49)

For instance, a horizontal electric dipole produces an even symmetric TE field,
but an odd symmetric TM field about the source point [9, p. 73]. When the
Type A source is placed inside a layered medium, the field it produces, F'(z, z'),
satisfies (36). When a Type B source is placed inside a layered medium, the
field it produces, F,(z, z"), can be easily derived from F'(z, z’) from the following
theorem.

Theorem 3. If a source produces an odd symmetric field in a homogeneous
medium, the field it produces in a layered medium can be derived from F(z,z")
that satisfies (36) by
0]
F,(z,2") = FF(Z 2", (50)
Proof. The proof follows readily from differentiating (36) with respect to z’.
Then we have

2(2 zz’:fiL "(z—2
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where

F,(2,2) = 88/ (2,2)). (52)

In the above, we can exchange the order of differentiation because the differen-
tial operator in (51) does not depend on z’.
When a medium is homogeneous, the above differential equation reduces to

d? ,
[F +k } (z,2") = —2ik, 8 (2 — 2'), (53)
The above has a solution which is given by (49). Hence, F,(z,z') is odd sym-
metric in a homogeneous medium, and in a layered medium, it satisfies the
layered medium equation given by (51). O



7 Conclusion

‘We have shown two equivalent ways to find the field at any layer due to a source
embedded in a layered medium. Their equivalence are proved by mathematical
induction. Furthermore, we show that the result obeys the reciprocity theorem.
These two ways of finding the field due to a source can be used as alternative
methods to solve for the solution of the ordinary differential equation governing
the wave in a medium with an inhomogeneous profile. We also show how the
solution that corresponds to a source that produces the odd-symmetric field can
be derived easily from the solution for a source that produces an even-symmetric
field by just a differentiation with respect to the source location.

The results derived here can be used to find the field response of a point
source embedded in a layered medium as described in [9)].
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